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Abstract. An analytical study of the photon echoes associated with the three-level system
interacting resonantly with optical pulses possessing two different frequencies is performed.
It is predicted that photon echoes arise at anomalous times corresponding to the correlation
between the inhomogeneous broadenings for the different spectral lines, as well as at the
normal time expected in a simple two-level system. This new effect is caused by the coupling
of the two resonant transitions through the common energy level. Furthermore, if the
particle does not have inversion symmetry, the echoes with the sum or difference frequency
of the exciting optical pulses can be observed in such a system. The quantitative analysis is
also given for intensities, direction of propagation and polarizations of the anomalous echoes
which depend upon the exciting pulses with different frequency.

1. Introduction

The coherent interaction in a resonant nature between a many-particle system and
optical waves has attracted new interest recently with the advent of coherent ultra-short
light pulse techniques. In the case of the coherent and intense optical pulse shorter
than the homogeneous relaxation time interacting with the many-particle quantum
system, the change of the wavefunction caused by the interaction is so large that
ordinary perturbation theory is no longer valid, and the dynamical interaction described
by the exact treatment must be considered. At the same time, the coherence of the
system plays an essential role in such a problem, since the phase memory of the wave-
function for each particle is maintained during the interaction.

This feature is primarily revealed by the photon echo (Abella et al 1966, Gordon et al
1969), the self-induced transparency (McCall and Hahn 1969, Lamb 1971) and the optical
nutation (Tang and Silverman 1966) known as the new optical phenomena, and in
particular, the photon echo is noteworthy as the typical example for the super-radiance
(Bonifacio et al 1971a, b) first analysed by Dicke (1954).

However, studies of these phenomena have been mostly confined to those associated
with the two-level system, that is, only the single frequency takes part in the problem.
With respect to the problem where the optical waves with different frequencies are
concerned, some theoretical approaches to the photon echo were carried out by
Hartmann (1968), Nagibarov and Solvarov (1970), Tanno et al (1970) and Courtens
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(1972). However, besides the Raman echo, these analyses did not take proper considera-
tion of the correlation between the inhomogeneous broadenings for the different spectral
lines. Even in the case of a three-level system, all possible transitions couple with each
other because the raising or lowering operators for different transitions do not commute,
and then photon echoes are formed at anomalous times, besides the normal time as
expected from the usual analysis in the two-level system, depending upon correlation
between the inhomogeneities of the different spectral lines. Furthermore, for the particle
lacking inversion symmetry, we can expect echoes with the sum or difference frequencies
of the exciting pulses caused by the nonlinearity which the three-level system possesses
originally.

In this paper, we present the first part of the theoretical studies on the doubly resonant
photon echoes in a three-level system using the density operator, in order to derive
quantitatively their intensities, polarization characteristics and the propagation direc-
tions. Analytical descriptions are given in connection with not only the ordinary echoes
corresponding to twice the time interval between successively applied excitation pulses,
but also the anomalous echoes inherent to the coherent three-level system.

2. Equation of motion for the density operator in a three-level system

We can consider the system composed of many particles with three energy levels, which
interact with coherent electromagnetic waves. The first problem to be considered is a
system whose dimensions are small compared with the electromagnetic wavelengths.
When dealing with this system, we must make use of the density operator for the whole
system, since the photon echoes are the phenomena inherent to the many-particle
system. However, if the distances between the particles are so large that the interaction
between particles is negligible, the Liouville equation for the whole system can be
separated into the equations for the individual particles. Then the density operator for
the whole system can be obtained as the direct product of the individual particle density
operators. Therefore, the starting point of our analysis is to solve the one-particle
problem.

In this paper, we consider the case where the system is irradiated simultaneously by
two coherent lights whose frequencies w,, and w,, are resonant at the centre frequencies
of the inhomogeneously broadened spectral lines (figure 1). Since the dimensions of the
system are small compared with the wavelength, the spatial dependence of the radiation
fields can be omitted, and therefore the electric fields of the linearly polarized incident
light can be described as

E, (1) = 2E, o(1)(icos d,,+jsind,,)cos w,,t
= E,o(t){icos(w,t +3,,) +jsin(w,,t +6,,)} + E,,o(t) {i cos(— w,,t +6,,)
+jsin{—w,t+93,,)}, (1)

where subscript uv denotes ba and cb, w,, is the frequency of the incident lights, / and j
are the unit vectors along the spatial coordinate common to all particles, 3, is the angle
between the directions of i and the incident electric fields, and E,(t) is its envelope
function. Equation (1) shows that the linearly polarized light can be expressed by the
superposition of the right- and left-hand circularly polarized lights, and these are
convenient for deriving the echo formula.
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Figure 1. Schematic diagram of three-level system for the jth particle. Incident optical pulses
with frequencies w,, and w,, are off-resonant because the energy levels are broadened inhomo-
geneously around the centre frequencies Q,,, and Q,,,, respectively.

The hamiltonian for a three-level system interacting with common radiation fields
expressed by equation (1) can be written as

H=H,+H,,+H, (2
where
Hy = —wyla){al+wglcy<d, (3)
H, = —p, - E(0) = = /2P, (R i+ R,,2)) . E, (1), (4)

Here P,, is the magnitude of the matrix element of the electric dipole moment operator
with respect to the transitions a-b and b-c, and R,,; and R,,, are the Dicke operators
for each transition, where the subscript to distinguish individual particles is omitted in
order not to overburden the notation. These operators take the following forms in terms
of the energy eigenstates:

Uy Uiy
Ruvl = 7[#) <V| +7‘v> <#|,
. (5)
Uyy v¥,
Ruv2 = _|;u> <V| +—|V> <ﬂ|
2 2
Parameters u and v are taken to be u = 1, v = —1i for a ¢, transition, and u = 1 and

v = iforac_ transition. Itis convenient to introduce the raising and lowering operators
for each transition defined by

Ruvi = Ruvl i iRuvz . (6)

Then the interaction part of the hamiltonian given by equation (4) can be rewritten as

1 . . . )
H, = *ﬁPquuvo(t){Ruw exp(—id,,)+ R,,_ exp(id,,)} {expiw,,t)+ exp(—iw,,t)}.(7)
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A particle occupying three energy levels is generally described by a density operator
a(t) which satisfies the equation of motion

. da(t)
‘h"AT = [H, a(1)]. (8)

Itis convenient here to transform the density operator o(t)in the Schrédinger picture into
the intermediate picture, but not the interaction picture, as follows:

p(t) = exp(iSt)o(t) exp(—1iSt), %)
where
S = wglc) {c] — w,la)<al. (10)

This unitary transformation leads to the equation of motion for p(t)

ih% = [hA+ H}, p(1)]. (11)
where

hA = Hy—hS, (12)

H, = exp(iSt)(H,, + H,,) exp(—1St). (13)

Also A is diagonal in the energy representation with the eigenvalues Aw,, = Q,,—w,,,
and these values represent the measure of off-resonance between the incident radiation
and the individual particle with transition frequency Q,, due to the inhomogeneous
broadening of the spectral lines.

We should notice that equation (11) corresponds to the equation of motion in the
rotating frame in the classical model, being used in the interpretation of spin as well as
photon echoes in a two-level system. However, in the case of the three-level system, S
represents the operator in the three-dimensional Hilbert space and contains the two
different angular frequencies w,, and w,,.

In order to calculate equation (13), we have to derive the expression of R, ; in the new
representation, as follows:

e R, s €7 = 5 {Hu,, +iv,, ) u> v+ Huk, LivX)vd ul} e
= Hu,, tiv,,) expliw, Hiu)> v +Huk, £ ivk,) exp( —iw, > {ul. (14)

From the above equations, we obtain

. . 1 . . . .
elS'H;tv € = Eﬁpquuvo(t){(uuv + 1vuv) exp( - léuv) + (uuv - 1vuv) exp(léuv)}

x {1+ exp(2iw,,n}ip> {v|+ hermitian adjoint. (15)

We now make the rotating wave approximation, that is, we neglect the second term in the
second braces in the above equation, which changes twice as rapidly as the radiation
frequencies, since the component of p(t) with slow time dependence compared to w_," is of
interest in our problem. This approximation means that, for the ¢, (¢_) transition, only
the first (second) term in equation (1) interacts with them.
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First we consider the case where the transition a-b is ¢, and transition b—c iso_.
Hence, equations (16) and (17) become simply

. . 1 . .
eV €7 = ——=Py,Ep,0(t){exp(—1i0,,)b) al + exp(idy,)la) <bl}, (16)

/2
. . 1
eiStH!, e = —ﬁPchcbo(t){exp(iéd,)lO (bl + exp(—ib,,)|b><cl}.  (17)

Introducing the operator T defined by
T = —dy,lay<al—dalcy<cls (18)

equations (16) and (17) are combined, then the interaction hamiltonian in the inter-
mediate picture takes the form

Hy=e T{- ﬁPbaEbao(t)Rbal - \/EPchcbO(t)Rcbl} e'’. (19)

3. Solution of the equation of motion for the density operator in a three-level system

In the previous section we have derived the equation of motion for the density operator
which describes the dynamical behaviour of the particle occupying the three energy
levels and interacting simultaneously with the incident waves whose frequencies are
resonant to the line centre for each transition. We will try to solve the equation for the
case where the system is excited by intense coherent optical pulses. For sufficiently
intense exciting pulses it can be assumed that the off-resonance effect due to the inhomo-
geneous broadening of the spectral lines may be much smaller than the time evolution of
the system caused by the interaction described by H;. Consequently, we ignore A during
the duration of optical pulses to obtain

L dp(t)
ih—g~ =[H,. ()} (20)

In the period of absence of optical pulses, we have

d
lh%it—) = [hA. p(1)]. (21)

If we put E_,o(t) = kE,,o(t), where k is an arbitrary time-independent constant, equation
(20) can be solved exactly. This condition can be nearly achieved experimentally as
follows : The N, laser beam, for example, is divided into two beams by a beam splitter in
order to pump the two dye lasers which are tuned independently. The case where this
condition is violated will be considered later.

For the optical pulses lasting from ¢, to t, + 7, the exact solution is expressed by

i tot+1t
plto+1) = exp(—ﬁ H dt

to

tot+t

plto) exp(% Hy dt)

to

= exple ™ T{i(BR,,; + OR1)} €T Ip(to) exple T{—i(OR,,; + ¢R,)} €]
= ¢~ T exp{i(BRy,; + PRy)} € Tplto) e T exp{ —i(0Ry,; + $R,)} €7, (22)
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where

2 to+ 1
0= &ff E,.o(t)dt
t

h
: 3)
2P tott
PRRELS [7 Eaar

h

One should note that, if E, 4(t)/E.,o(t) depends on time, solution (22) is no longer valid
because of the fact that the unequal-time commutator bracket of H; does not vanish.
It is convenient to introduce the unitary operator

0

90
V =—=lay<al-¢ola) <b|+ %|ay (| ——=Ib> <al
V2 V2 ﬁ

b0
2

b
e><cl
/2

—=Ib) el +—=le> <al +8lc> bl +—=

f

to rewrite equation (22)

plto+17) = e TV exp{3iv(—la) {al +1e> e} V! eTp(to)
x ¢V exp{ — i —ay al +1cH )}V e (24)

where Y = (62 +¢%)'2,8, = 0/(6* +¢*)'/? and ¢, = /(8> + ¢?)"/%. On the other hand,
equation (21) can be solved simply as

p(1) = exp{ —iA(t—1)}p(t") exp{iA(t— 1)} (25)

Since unitary operator exp{ —iA(t—1t')} is diagonal, before or after the applied pulses
the diagonal elements of p(t) do not change and their off-diagonal elements change their
phase with time at a different rate for each particle because the individual particles have
the different eigenvalues of the off-resonance operator A.

4. Matrix elements of the density operator for discussion of the photon echoes associated
with a three-level system

We consider the system irradiated by a sequence of two simultaneous optical pulses
with different frequencies w,, and w,, separated by the same time interval z,, as shown in
figure 2. Usingthe solutions (24) and (25), we derive the expression of the density operator
at the time t > 7, as follows:

p(t) = Up(OU". (26)
Here the unitary operator U takes the form
A(f— i . -
U =exp —‘(h—”) eIV exp(ip/(—la) Cal + > (e} VT &l

X exp( - IA;S) e TVexp{iy(—la)<al+|c)c)}VTeT, Q27

where the prime on operators denotes those for second pulses. Here we suppose that all
particles are initially in the ground state |a), that is, p(0) = |a) <a|.



Photon echoes in a resonant three-level system 1715
¢’ pulse

j\dapulse Wpe

t=0

e
6 pulse 6’ pulse
Wb
t=0 t '='rs

Figure 2. Schematic representation of two pulse sequencies with the frequencies w,, and w,,
resonant to the transitions a-b and b-c in the three-level system, respectively.

We calculate the matrix elements of p(t) in the energy representation. The diagonal
elements of U take the form

<ulplpy = {ulUlay {alUtu)
= |y Ula)|? (1 =ab,c), (28)

and the off-diagonal elements are given by

ulplvy = <ulUlay<alUv)
= {uUla) (vUlap* (u,v =a,b,c). (29)

The matrix element of U can be calculated from equation (27), as follows:

(alUlay = (03 cos 3§ + ¢3)(05 cos 1’ + ) expiAw,,t)— 0,6, sin 3y sin 3y

X exp{i(dy, — 85} exp{iAw,,(t — 1)} + 05006001 —cos 3¥)(1 —cos 1y)

X eXP{i(0p;— Opg — 'y + 0c)} €XP{iAW,t — HAW,, + Awy)T, ), (30a)
(biUjay = 10,(63 cos Sy + ¢3) sin 4y’ exp(—16,,) exp(iAw,,t,) +16, sin 3y cos 1y’

X exp(~1dy,) +10000d0(1 —cos 3Y) sin 3¢’ exp{ — (S, + &y — o)}

x exp(—iAw,1,) (30b)

and

clUlay = 05505 cos 3¢ + $3)(1 ~cos 3¢) exp{i(d, — 5,,)}
x exp{ — 1AWt + i(Awy, + Awg)t} — 000 sin 3¢ sin 2y exp{i(8, — 8;,)}
X exp{ —1Aw,{t —1,)} + 0¢o(1 —cos 3Y)(0F + @ cos 1Y)
X exp{i(0c, — 0pa)} €XP(~1Awgt), (30c)

where the relation |a)<al+|b) (bl +|c>{c| = I (I is the unit operator in the three-
dimensional Hilbert space) was used. Substitution of equations (30a}+(30c) into equation
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(29) gives
alplb) = id;, A}, exp{i(20;,— 8p0)} eXP{iAwpy,(t ~21)} ~id(2 + gy, Al2 + g,
X exp{i(20;, — 6y, — O + 0p) } €XP{iAW,t — QAW,, + Awey)T,}
— 141 + pyeAl1 + pye, EXP{i(0hs — 075+ 0,p)} €XPliAwy,t —i(Aw,, + Awy)T,)
+1A4(1 e, Al1 - pye, €XPLI(0}, + 05— 8.)) exp{iAw,,t — (Aw,, — Aw,)1,)
—1A4_ 5, A_ 5, exp{i(Gy,+ 0., — d.p)} XpiAw,,t +iAw,,T), (31a)
Kblpley = —iB,, B, exp{—i(2d,,—d.)} exp{iAw,(t —21)} +iB, .+ s-1yeBl2g- 1y
X exp{ — (26, — 85 — Opa+ 0,5)} EXP{iAWE — (A, + 24w )T}
+1B(1 4 g-1)eBl1 + g 1y, €XP{ —1(05 — 04+ 9,0)} €Xp{iA
— 1AWy + AW )T} —1B(1 _ g1y Bly - g- 1), €XP{ —1(80p + Gpy — Ops)}
X eXp{iAwet —i(Awy, + Aw,)t )} +1B_ ;- 1B g1,
X eXp{ —1(J, + 81, — Opa)} €XPIAW 4t +1A02,,T,) (31b)
where f = o, /a,,,
Az, = B sin (05 cos 3¢ + ¢3), (
A, = 0§ sin® Ly’ (
A+ gy, = 00¢o(1—cos 3)(05 cos 3y + 7). (32¢)
(
(

ALz + gy, = 0500 sin 39'(1 —cos 39),

A1+ gy, = 0560 sin 3(1—cos 1), 32e)
Al +pye, = 006 cos 39 (1—cos 1Y), (32f)
Aa-pre = A+ pye,» (32g)
Al - pye, = 005 sin® 3¢, (32h)
A, = Agpy, s (32i)
A ., = 05 sin 303 cos 3+ ¢7), (32))
B, = Ay spy,o (32k)
B)., = ¢ sin® 3y, (321)
Biasp-nn = Ag+pey (32m)
Bl;.p-1y, = 0505 sin 39(1—cos 4y), (32n)
B sp-1y, = Ay, (320)
Bii+p-1e = At + gy, (32p)
By —p-1y, = Az, (329)
By _p-1ye = Al gy, (32r)
B_g-1i, = A py, (32s)

B_;-:, = 0, sin 3y’ (6F + ¢ cos 1), (321)
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and we omitted the terms which do not contribute to the echo formation. As will be
apparent in the next section, the off-diagonal elements of the density operator obtained
above correspond directly to the expectation values of the electric-dipole moment
operator, so that they determine the characteristics of the photon echoes. On the other
hand, the diagonal elements are not essential in our problem. The physical meaning of 8
in equations (31a)}{32t) will also become apparent in the next section.

One should note that equations (31a), (315) suggest that the photon echo is produced
not only at ¢ = 27, that is, normal time, but also at several anomalous times which
depend on the ratio Aw,,/Aw,,. In the case where exciting pulses are exactly resonant at
the centres of the inhomogeneously broadened lines, Aw,, can be written approximately

Aw

o, % (32)

uy = %uv
where x is the physical parameter determined by taking account of the cause of the
inhomogeneous broadening of lines. For example, in the case of gases, x describes
the component of the velocity of a particle along the line of sight, and in the case of solids,
the deviation of the crystalline field at the position of the particle from its mean value.
Moreaver, in gases, the coefficients o, and o, in equation (32) can be written simply as
0pe = Qpao/c and a,, = Q0/c, Where Qo is the centre frequency and c is the light
velocity. However, in solids, it is to be noted that such simple relations do not hold,
and o, and «,, can even take negative values in some cases.

5. Intensity and polarization characteristics of photon echoes

In this section we consider the echo intensity and polarization for the case where each
energy level has twofold degeneracy and the exciting pulses are perpendicular to the
quantization axis. In this case, the interaction process is described by the superposition
of the two independent sets of transitions as shown in figure 3. This situation can be
achieved by using, for example, the transitions n*S, , —n'?P,,, —n"S,, (or —n"?D, ;)
of an alkali vapour or those between the Kramers doublets of R and B lines of the ruby
crystal.

le>

16>

lo>

Figure 3. Schematic representation of the three-level system where each level has twofold
degeneracy. Full and broken lines show the two independent sets of transitions caused by
the linearly polarized radiation perpendicular to the quantization axis.
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Ir order to find the echo intensity and polarization, we have to obtain the expectation
values of the electric-dipole moment operators for each transition and to integrate them
over the inhomogeneous broadenings of the spectral lines. When performing this, one
should note that the two off-resonance parameters Aw,, and Aw,, take part in the prob-
lem unlike the conventional two-level system. However, Aw,, and Aw,, are not indepen-
dent from each other, and are related to the physical parameter x causing the inhomo-
geneous broadening as shown in equation (32). Therefore, the total electric-dipole
moment exhibited by an ensemble of particles is expressed by

@ult) = N [ g0 Tep,00) dx

=P, Nf ( (i—1j)vlplu) exp(—iw, t)+cc| dx (33)

where N is the number of particles and g(x) is a distribution function for x. It is to be
noted that the electric-dipole moment at the frequency w,, is polarized along the quanti-
zation axis, that is, perpendicular to the direction of the electric fields of the excitation
pulses. Accordingly, our interest is only limited to evaluating equation (33) for the
dipole moments with frequencies w,, and w,,.

We have already obtained the matrix elements of the density operator, {d|p|b)> and
{blplc), for the set of transitions shown by the full lines in figure 3. In the same fashion
we can also obtain those for the broken lines in figure 3. Substituting the density operator
for each set of transitions into equation (33) independently, and superposing these
results, we obtain

(Pray = N/ 2PeaN = A A Gloty,{t — 21,)) {i COS(28},— 3y, +j 5in(26, — 63,)}
+ A+ pro A2+ e Glopa{t — 2+ B)7_}) {i €08(26}, — Gy — 24+ S.p)
+J SI0(28}, — Bpa— B+ 0c)} + At + gy, Al + e, Gletpat — (14 B)2,))
X {1 COS(Opy + Ocp — O¢p) +J SISy, + Oep — O0)} + Ay = gy Als = e,
X G(aty,{t — (1 — P)r,}) {i cos(dy,+ 1y — O.) +7 SIN(S}, + 6.y — 6.5)}
FA_ g A g Glot,(t+ BT )) (i cOS(Syy + 81y — 8 4) +J NSy, + 8y — 8,5} ]
X sin w,,t. (34a)
and
Py = /2P.,N[— By, B, G{ag(t = 21,)} {i cO8(26., — 8.4) +J sin(28,, — 8.,)}
+ Bt g1y Bl s g 11, Glotey {t = (24 B 1)t,)) {i COS(28, — 8,5 — By + 60)
+J $IN(20 — Oy — Bpa + 0y} + By + - 130 Bit + g- 115, G0 {t = (L4 B~ V)2,})
x {i cos(d, +5ba—5;,,,) +J $in(0y, + 0y, — Opa)} + By - p-1ye,Bl1 = g1,

X G cb{t - (1 - } {l COS(& + 5;711 - 5ba) +j Sin(ééb + 6;341 - 5ba)}
+B_ -1, B 51, Glot(t+ B 1,) {i cos(8,, + S — Bpa)
+j sin{8,, + 6, — 9,40 }] Sin w4t (34b)

where B = o,/a,,. As is evident from the above equations, the shapes of echoes are
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expressed by the Fourier transform of the distribution function of x, which is given by

6(&) = j e

From equations (34a) and (34b), we obtained the remarkable results that the photon
echoes are also produced at some anomalous times different from ¢t = 2r,. Equation
(34a) shows that the two anomalous echoes with frequency w,, arise depending upon the
following three cases: (i} in the case of § > 0, echoes appear at (2+ )z, and {1+ fi)z,,
besidesat 2t ; (i) inthecaseof —1 < f < 0,echoes appear at 27, (2 —|fj)r,and (1 +|f))z,:
and (iii) in the case of § < —1, echoes arise at 27, (1+|f|)r, and {f|t,. Equation (34b)
shows that the two anomalous echoes with frequency w,, also appear: (i) in the case of
f > 0, echoes appear at 2t , 2+ ')r, and (1 + B~ )r,; (ii) in the case of —1 < < 0,
echoes appear at 27, (2—|B] )z, and (1+|B|~Y)z,; (iii) in the case of § < —1, echoes
appear at 27, (1 +|B)~ )z, and |8 '1,.

As mentioned previously, in the case where the inhomogeneous broadening is caused
by the Doppler effect as in gases, only the first case is possible and the time when the
echo arises is essentially determined by the ratio of energy separations since the relation
B = Q4.0/Qus0 holds. However, in solids, where the spatial fluctuation of the static
crystalline field gives rise to the inhomogeneous broadening of energy levels, the varia-
tion of the energy eigenvalues with the magnitude of the crystalline field is complicated
depending upon not only the electron configuration but the configuration interaction.
Consequently, the echoes are produced at times different from the case of gases even if
the ratio of the energy separations Q.,,/Q,,o is the same. It is pointed out here for the
first time, as far as we know, that this interesting feature in photon echoes is inherent to
the three-level system, and can be explained as the effect caused by coherent coupling
between the two transitions a—b and b—c. The detailed discussion of this feature will be
made later.

We now consider the case that the limitation E_,4(t) = kE,,o(t) does notexist. Insuch
a case we can not obtain the analytic expression, and the results on the intensity and
polarization characteristics of echoes can be obtained only by numerical integration.
One should, however, note that our results on times when echoes arise are still valid, since
they are determined only by S.

Furthermore, if the particle does not possess the inversion symmetry, echoes with the
sum frequency w,, = w,,+ w,, can be produced by considering the case where all three
transitions are 7 transitions. Then the result is given by

Pead = 2PuN[ = C3,Co Glatedt =21 )+ Ciy w14y 140Clt w14 13
X Gloteg[t={1+(1+B)" D) +Crivep-1-14Clr w1 45111
X Gloteg[t = {1+ 1+ D+ Crapy-10,Cla s gy s,
X Glag{t—(1+B) 7 13160 {t —(1 4+ B) 7 't )+ Clavp-1y-16,Cl 4+ 51y -1,

x Glo {t—(1+ B~ 1) Hr)lk sin w,,t, (35)

where
Co, = A+ pyss (36a)
3, = 0701 ~cos 3Y')%, (36b)

Cisarp-ne = Az, (36¢)
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Cu+a+p-1n = Az +pe (36d)
Cousa+p-n-tn = Aa+pe (36e)
Curasp-n-nn = Basg-ye (36f)
Casp-te, = At +pyees (36g)
Cia+p-1e, = Bop-1s (36h)
Carpn-re = Aze,> (36i)
Casp-n-i, = Al gy, (36))

To summarize the results on the intensity characteristics, table 1 shows the times of
echo formation and the maximum intensities of the echoes at the frequencies w,,, ., and
w,,, dépending upon the three cases as mentioned before. Figures 4(a}{d) show some
examples of the squared value of the coefficients 4, Band C (4, B, and C') which indicate
how the intensity of the echoes depends on the exciting pulse areas 6 and ¢ (8’ and ¢’) for
the first (second) pulses. We notice here that some of these coefficients have the same
functional dependence or become identical by exchanging € and ¢, or ¢’ and ¢, and thus
only eight coefficients are found to be independent. Variousintensity characteristics of the
echo radiation involved in the three-level system can be found based on our analysis. For
instance, figure 4(a) shows that the periodicity of the echo intensity collapses for the
case of ¢ # 0. Especially, the combination of the # = 37 pulse and the ¢ = 1-7n
pulse induces the echo at the frequency w,, which can not be expected for the 3 pulse
only in the simple two-level system, and its intensity becomes almost the same as
the maximum value of the normal echo at ¢ = 21,.

Table 1. Maximum values of the photon echo intensity with the frequencies w,,, w ., and w,,
associated with a resonant three-level system being classified into three cases according to the
valueof . f = «,,/u,,isthe parameter indicating the correlation between the inhomogeneous
broadenings of the different spectral lines, and determines the times when echo arises.
Lo = 4wl P2, /3hc?

Maximum value of echo intensity+

Frequency Time when

of echo echo arises B> 0 -l<f<0 B< -1
Wpa 2r, I N N1
(2+B)T, %gNzlnbO %Nzlabo -
(1 +»8)Ts %Nzlnbo - -
(1B, - 1N 2Iam) 1N zIabo
- pr, - - IN* o0
Wep 2z, iN? Lo N N,
2+8 'y, 16N 4o 16N o —
(L+8 ), Ny, — -
(1-8""n, — 16N 16N 1,0
_ﬂ lts - - %Nzlbco
Weq 27: %Nzluo %Nzluco %Nzlnco
{1+(1+ﬂ)—1}1s T%Nzluo T%Nzlaco -
{1+ +p7N ", 4N - 1eN? 10
(1+p) ', — N0 —
(t+87 ', — — N

1 Subscripts ab and bc should read ba and cb respectively in entries under this heading.



Photon echoes in a resonant three-level system 1721

4 4r-
) (5
Py 2 2
3 / ,./"“'\\f\\\ Ao, 3m Aar,
L ERRNN x 025 <
NN — 9% 0-8
\\\\\ N ——015 N —— 06
¢ 2 RSO -0 o o Lo —- 04
AN \: o \ f"\\\ ——= (2
: 0-05 AN
0 IR 0
IR , A \\,_\
LUV NN T . VA
/ N - \\ 27N Y L
"(/r\‘l\:: - N '»(/\ \ \'\.‘\\‘ TN \ '\\,’(\\\\\\
OV ey ‘ th Ha\\ R
mf\!z)mu\. .u/\ i i AR
0 s 3 4 0 T 21r/ 3 4
]
41T' 4‘”;’
) \ (@) .
i o s
PN . 0 N e
=N N —020 —020
574 YN —— 0[5 AN ——015
2ol i) ) —-Q10 2 NN —-010
& Ul ST -—-005 ¢ SO, ---005
7% 0 RN NCAR 0
/AP NN
W= NN NN
@) Q)
N NI
0 T 2r 3r Ay 0 P2 ig 3 44
9 ’

Figure 4. The distribution of the numerical values of 43, , A2 , 4% . 5,,,and 43 , ,,._ indicating
the change of the intensity of photon echoes as a function of the areas of the incident optical
pulses. (a) The value of 43,, as a function of the areas for the first optical pulses, § and ¢. (b)
The values of 42, as a function of the areas for the second optical pulses, 6" and ¢". (c) The
values of A} . )., as a function of the areas for the first optical pulses, 6 and ¢. () The value
of A3 4., as a function of the areas for the second optical pulses, 8 and ¢".

Equations (34a) and (34b) also show the polarization characteristics of the echo
radiation. What is evident from these equations is that the polarization of the anomalous
echoes is affected by the exciting pulses with frequency different from that of the echoes,
while the polarization of the normal echo at t = 27, agrees with the result given by
Abella et al (1966) for the two-level system.

6. Propagation direction of photon echoes

Until the previous section, we analysed the echo formation in the three-level system
whose dimension is small compared with the excitation wavelengths. This means that all
particles feel the exciting optical fields at the same time.

In this section we consider the system with dimension larger than the wavelength, but
smaller than the coherence length of the spontaneous radiation. In such a large volume
case, we must take into account the fact that there exists a difference in arrival time of the
pulses at the particles. That is, equation (22) should be rewritten as follows:

plto+1) = e exp{i(ORy; + ¢Rcbk1)} eiTP(to) e’ exp{ —U(6R g1 + ¢Rcbk1)} e'’, (37)
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where
Rya1 = Ryaq CO8(Ky, « 1) — Rygosin(ky, . 1), (38a)
Rya2 = Ry, sin(ky, . )+ Ry, cos(ky, . 1), (38b)
Ry = Ry coslk,, . r)+ R, sinlk,, . 1), (38¢)
R.2 = — R,y sinlk,, . ¥)+ Ry, cos(k,, . 1), (384)

and k,, and k_, are the wavevectors of the exciting pulses.

Assuming, for the sake of simplicity, that the polarization directions of the exciting
pulses are all parallel, the total electric-dipole moment considering the phase difference
among the particles can be written as

Pon (0D =< [ 60 Tepy.o0) dx> , (39)

where
puvkuve = \/EPuv(Ruvk“veli+Ruvk,‘ver) (40)

and (... »,, means the averaging over the spatial distribution of particles.
Hence we obtain

Poaksa? = N/ 2PoalN [ — A3 Al Glatyolt — 21))<0OS{(Kpge — 2y + Kng) + 10y + Az s e,
X A + 5y, G(@a{t — (2 B)T,}) CCOS{(Kyoe — 2k, + Ky —kiy + ko) 71D,
+ A+ gy Al + e, 0@t — (1 + Bt }) (cos{(kye — Ky — ki + K ) o 11D,
+ A1 pes Al -pyes Gl it —(1—B)r,}) Ccos{(ky,e — Ko+ ki — K p) - 11D,
+A_g A_ g Glo(t+ Br)){cos{(ky, — Ky, + Koy — k)« 1}, ] sin oyt
(41a)
and
Peskone) = N/ 2PpN[~ B, By Gley(t — 21,)) (cO8{(Kepe — 2K0y + Kop) 1) gy
+ Bt g1y Bla+ g 10, G0 {t =2+ B )t }) (cos{(keye — 2kiy + Koy
—kbatKoa) « 1}Dav+ Biis g1y Bl 4 -1y, Gl {t = (1+ 87 V1))
X cOs{(Kepe —Kip—Kpa+ Kpa) 71D uy+ Bi1 - g-1). Bii—p-1y,
X Glotgp{t — (1= B )r 1) <cos{(Kope — iy + kpg —Kpg) - ¥} Day
+B_ 1o, B g1, Glo(t + B 1)) KOs {(Kepe — kop + Ky — ki)« 1},

X $in Wyt (41b)

where k,,. and k. are the wavevectors of the photon echoes.

From equations (41a) and (41b), we can find that the echo radiation is generated
coherently in the particular direction. While the propagation directions for the normal
echoes at t = 27, agree with the results for the two-level system, the wavevectors for the
anomalous echoes are determined by the four wavevectors at two different frequencies
through the coherent coupling effect associated inherently with the resonant three-level
system.
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In a similar way, we can also analyse the propagation direction of photon echoes at
the sum frequency w.,. What is evident from table 2 is that the complete phase matching
can be realized for special combinations of the wavevectors even if the exciting pulses
are non-parallel ; this is found for the first time in our analysis on the three-level system.

Table 2. Summary of the propagation direction of doubly resonant photon echoes in a three-
level system with the frequencies w,,, ., and w,,. The propagation directions of the anomal-
ous echoes depend upon the wavevectors of the exciting optical pulses with frequency different
from that of the echo

Frequency Time when Direction of

of echo echo arises echo propagation®

Wpq 21 2k —ky,

(2+ﬂ)7s Zk;b_kab+k/bc_kbt
(1 +ﬂ)‘[s k;b+kbc_k;7c
(1 _ﬂ)rs k;b+k;>c—kbc

_BTS kab+k£7c_kbt

Wep 27: Zkl,u"—kb:
2+87 ", 2kpe—kye+kop—kap
(1+ﬁ“')‘[5 k;c+kab—k;b
(l—ﬂ_l)rs k;:c+k;lb—kab

—p7 ', ky+ko—k,,

Weg 21: Zk;b—kab+2k;rc_kbc
{1+(1+ﬂ)-1}rs 2k4’zb_kba+k;7c
{1+(1+ﬁ_1)_1}rs 2kl;:_kbc+k:xb
(1+8) ' koy+ky,
(1+B_1)_1‘Es kab+k;zc

1 Subscripts ab and be should read ba and cb respectively in entries under this heading.

7. Discussion and conclusion

The results in the previous section that the anomalous echoes are produced at times
different from 27, is puzzling at first, since it can not be understood by the well known
explanation that the second excitation pulse reverses the dephasing process so that the
system rephases, at the same rate at which it dephased, to emit an intense burst of light
called the photon echo. This remarkable result for the three-level system can be inter-
preted as follows ; the transitions from |a) to |b) and from |b) to |¢) (or transitions from
|b> to |a)> and from |¢) to |b)) correlate quantum mechanically with each other since the
raising operators R, and R, , (or lowering operators R,,,_ and R,, _) do not commute,
so that the unitary operator exp{i(fR,,, + ¢R,,)} in equation (22) causes the transitions
between |a) and |¢) having no connection with the electric dipole-moment operator for
the transition a—c.

For example, we consider how the echo at frequency w,, appearing att = (2+ f)r,is
formed. This echo is derived from the third term in equation (30a) and the first term in
equation (30b), which indicates the following process. The first two pulses induce the
matrix element {c|pla) from {dalp|a)d and this element changes its phase at the rate
Aw,,+Aw,,. Then, the second puises transform this into another matrix element
{a|p|b>, which changes its phase at rate — Aw,,. This situation directly leads to the fact
that the dephasing rate is 1 + § times the rephasing rate, so that the echo arises at (2 + )z,
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after the first pulses. Other anomalous echoes can be also explained by similar considera-
tions.

In conclusion, we have made the theoretical analysis on the photon echo characteris-
tics associated with the resonant three-level system by taking into account the inhomo-
geneous broadening of the spectral lines. Novel and interesting features are found
quantitatively with respect to the echo formation time, intensity, polarization together
with the propagation direction. They are expected to be examined by the well arranged
experiment. These results also seem to shed light on new applications in the field of
optical information processing as well as spectroscopy in the time domain.
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